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Theory of disk instability
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496 Chapter 6: Disk Dynamics and Spiral Structure

Figure 6.13 Neutral stability curves for tightly wound axisymmetric perturbations in a
fluid disk (dashed line, from eq. 6.67) and a stellar disk (solid line, from eq. 6.70).

a relation first derived by Toomre (1964).
There is no solution to (6.70), and thus the stellar disk is stable, if

Q !
!R"

3.36G!
> 1 (for stars). (6.71)

The stability boundary (6.70) is plotted in Figure 6.13 as a function of the di-
mensionless ratios Q and #/#crit. Note the close analogy between fluid and
stellar disks: the dashed (fluid) and solid (stellar) stability curves in Fig-
ure 6.13 almost coincide, and the stability criterion for stellar disks (6.71) is
obtained from the criterion for fluid disks (6.68) simply by replacing the
sound speed vs by the radial velocity dispersion !R, and the coe"cient
$ " 3.14 by 3.36. The inequality (6.68) or (6.71) is known as Toomre’s
stability criterion;7 its physical interpretation is discussed in the context
of the uniformly rotating sheet in §5.6.1. Toomre’s Q can be thought of as a
temperature scale for galactic disks. “Hot” disks have large velocity disper-
sion and high Q, while “cool” disks have low dispersion and Q, and “cold”
disks have zero dispersion and Q = 0.

As Q drops below unity, instability first appears at a single wavelength,
which we may write as #(most unstable) ! p#crit, where the constant p is
0.5 or 0.55 for zero-thickness fluid or stellar disks, respectively. Toomre’s
stability criterion is reliable only if #(most unstable) is short compared to
the size of the system (since we have used the WKB approximation), and
long compared to the thickness of the disk (since we have modeled the disk as
razor-thin), but in practice it often works reasonably well somewhat outside
the regime in which it is strictly justified.

7 An approximate version of equation (6.68) dates back to Safronov (1960).

Emergence of a spiral 
structure in a 
gravitationally unstable 
protoplanetary disk

(Deng et al. 2020)

close connection between the two, as discussed at length in
Riols & Latter (2019). In contrast, the MRI simulations support
only minor perturbations in density, and these do not appear
dynamically signi!cant.

To obtain a more quantitative sense of the !eld structure, we
calculate the power spectrum for the magnetic energy Bm

2 (see
Section 2.4). We calculate Bm

2 for 10 equally spaced annuli
ranging from 10 to 20 au with width !R!=!0.5 au, noting that it
varies only mildly with R. We then normalize the power spectrum
in each bin to the local averaged magnetic energy B0

2 and average
the power spectrum at different radii and over time. The results are
plotted in Figure 4 for runs MRI-hr, grvmhd1, and grvmhd2.

The MRI magnetic energy power spectrum agrees well
with the previous grid code simulations of (Flock et al. 2011,

Figure 12), showing a "at spectrum when m!<!5. In grvmhd1
and grvmhd2, the structure in the magnetic energy is closely
related to the spiral density waves, with power peaking at
m!=!3 and m!=!4, respectively, which are also the peak ms for
the surface density spectra.
On smaller scales, the power spectrum in both GI–MHD runs

shows a hint of an m!5/3 scaling but only on the very limited band
30!<!m!<!100. This may, or may not, indicate the beginnings of
an inertial range, with energy input at the large spiral-wave
dynamo scale and then cascading to the (numerical) dissipative
scales. What is less in doubt is the difference with the MRI
spectrum, which shows a steeper drop in this range and no
obvious scaling law, in agreement with most other local and
global simulations.

Figure 3. Face-on and side-on color-coded maps of magnetic !eld strength and density in code units. The top row is magnetic !eld, the middle row is midplane
density, and the bottom row is density. The box size is 50 au per side. The grvmhd2 run exhibits stronger magnetic !elds than the MRI-hr simulation, and they are
correlated with the spiral density waves. Compared to grvhd2, grvmhd2 exhibits more "occulent spiral density waves and a much more extended disk atmosphere.
Finally, as a test, we turned off the MHD module in grvmhd2, and grvmhd2 gradually collapse to a razor-thin state similar to grvhd2.
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Clumps in galactic simulations

• Mass distribution has not converged between codes


• Low-mass end of the distribution truncated by resolution


• Gas clumps determine mass range of stellar clusters

Stellar clump mass distribution from AGORA 
project (Kim et al. 2016) for 20% gas fraction 
(z < 1)

Stellar clump mass distribution in 
Mayer et al. 2016 for a massive gas 
disk (50% gas fraction), as 
observable at z~2-3.



Disk instability in different systems

parent molecular cloud (22), accretes material
from its surrounding disk with a mass accretion
rate of 8 ! 10!8 M" year!1 (25). Previous ob-
servations at 0.6! to 1.1! angular resolution were
well described by a smooth and axisymmetric
distribution of material in the disk that extends
near the stellar photosphere and decreases mono-
tonically with distance from the star (20, 23).
To estimate the optical depth of the observed

dust continuum emission, we performed radi-
ative transfer calculations using RADMC-3D (26)
at 1.3 mm (17), using the previous surface den-
sity constraint found for the Elias 2-27 disk (20).
This model reproduces the azimuthally averaged
radial profile of the observed ALMA 1.3-mm con-
tinuum emission (fig. S1) (17). At a radial distance
from the star (hereafter referred to as radius and
denoted by R) larger than R # 10 AU, the emis-
sion is optically thin and thus traces the density
of solid material down to the midplane of the
disk. At the location of the spiral structures (from
R = 100 to 300 AU), the azimuthally averaged
optical depth t of the dust continuum emission
is t = 0.1 at R = 100 AU, decreasing to t = 0.02
at R = 300 AU (fig. S1B), which is consistent
with the measured peak brightness tempera-
ture on the spirals of 1.2 K at R = 150 AU.
The spiral structures are even more evident

in Fig. 2A, in which the data has been projected
into a polar coordinate grid that accounts for
the viewing geometry of the disk. In polar coordi-
nates, a ring with zero eccentricity would have
a constant radius for all polar angles. However,
shown in Fig. 2A are two bright structures that
grow in radius from ~100 to 300 AU as the polar
angle increases. The brightest of these two struc-
tures lies northwest of the star, labeled “NW”;
the spiral structure southeast of the star is labeled
“SE.” In Fig. 2B, we present the surface brightness
contrast of the NW and SE arms, defined as the
ratio between the peak of emission at the arm
and the background surface brightness (17). We
found that both arms have similar contrasts
ranging between values of 1.3 and 2.5. The spiral
arms reach their highest contrast at R = 150 AU,
coinciding with the location in the disk where
gravity has the most influence over thermal pres-
sure and shear forces, that is, where the Toomre
Q parameter is lowest (fig. S2) (17). However,
even at its minimum value Toomre Q is well
inside the stable regime (17). If the spirals arms
suffer from beam dilution (if their physical size
is smaller than the angular resolution of our ob-
servation), a higher optical depth than our pre-
vious estimate could be possible, implying an
even higher density contrast in the arms. Thus,
the contrast values measured for NW and SE are
lower limits.
We determined the local maxima and minima

of emission in the dust continuum observations
at evenly spaced azimuthal angles, after subtract-
ing a smooth monotonically decreasing intensity
profile that best fit the intensity radial profile of
the disk (fig. S3) (17). As demonstrated in Fig. 3,
the emission local maxima (Fig. 3, crosses) describe
two spiral structures, whereas the emission local
minima (Fig. 3, circles) describe an ellipse. We

constrained the geometry of these structures by
modeling their location in polar coordinates
(where R is the distance from the star located at
the origin and q is the angle from the x axis),
taking into account that these structures have
been inclined and rotated with respect to our
line of sight by their inclination (i) and position
angle (PA). The emission local minima were fitted
with a circular ring (R = a0, where a0 is the
radius at which the gap is located), whereas
the emission local maxima were fitted with two
symmetric logarithmic spirals (R = R0 e

bq, where
R0 is the spiral radius at q = 0°, and b is the rate
at which the spirals increase their distance from
the origin). The best-fit parameters for the sym-
metric spirals that describe the local maxima
are R0 = 84 ± 4 AU and b = 0.138 ± 0.007 (which
corresponds to a pitch angle of f= 7.9° ± 0.4°),

whereas the circular ring that describes the local
minima has a radius of a0 = 71 ± 2 AU. The
geometry of the spiral arms and dark ring can
all be described with a single inclination angle
of i = 55.8° ± 0.9° and position angle PA =
117.3° ± 0.9°. The best-fit model and constraints
at the 3s level are shown in Fig. 3 for the spiral
arms and dark ring.
Spatially resolved molecular line observations

of CO and two isotopologues, simultaneous to the
continuum observations discussed here, suggest
that the southwest side of the disk is tilted
toward Earth while the disk rotates in a clock-
wise direction in a Keplerian velocity pattern
(figs. S4 to S7) (17). It is most likely that the
observed NW and SE spirals point away from
the direction of rotation—that these are trailing
spiral arms.
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Fig. 1. Thermal dust emission from the protoplanetary disk surrounding Elias 2-27. The disk was
imaged at a wavelength of 1.3 mm,with ALMA reaching an angular resolution of 0.26! by 0.22! (indicated
by the ellipse in the bottom left corner), which corresponds to 36 by 31 AU at the distance of the star.
The field-of-view center (at 0, 0) corresponds to the disk emission peak located at right ascension (J2000) =
16 hours 26 min 45.024 s, declination (J2000) = –24 degrees 23 min 08.250 s, and coincidental with
the position of the star Elias 2-27. (A) 1.3-mm dust continuum image from the Elias 2-27 proto-
planetary disk over a 4! by 4! area. The color scale represents flux density measured in units of Jansky
per beam (1 Jy = 10!26 W m!2 Hz!1). (B) Increased contrast image from processing the original ALMA
observations shown in (A) with an unsharp masking filter (17).

Fig. 2. Polar projection of disk emission and measured contrast over the spirals in the Elias 2-27
protoplanetary disk. (A) Projection onto polar coordinates (polar angle q versus deprojected radial
distance to the central star R) of the dust continuum observations from the Elias 2-27 disk.The emission
has been scaled by R2 in order to aid visualization, and the polar angle is defined as q = 0° (north) increasing
toward east. Curves correspond to the best-fit model spirals for the NW and SE arms (dashed lines) and
their constraint at the 3s level (solid lines). (B) Surface brightness contrast of the continuum emission along
each spiral arm, defined as the ratio between the peak of emission and the background surface brightness
(17), which is computed at increasing radial distance from the star.
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Formation of protoplanets in a 
magnetized, gravitationally 
unstable disk (simulations by 
Deng et al. 2021)

Elias 2-27, first observed 
gravitationally unstable 
protoplanetary disk (Pérez et 
al. 2016)

Fragmenting AGN disk, 
forming massive stars

(Pacuraru et al. 2022)



SPH-EXA

Credits to S. Keller

Weak scaling of SPH-EXA. Left: Evrard collapse, 
right: gravity-only (N-body) test up to 8 T 
particles



SPH-EXA

Sanz et al. 2022

Approaching the exascale simulation of subsonic turbulence with SPH pàg. 40

Figure 24: Comparison of di�erent 2-D cuts of di�erent magnitudes for several tests in SPH-EXA with
increasing resolution. Columns represent di�erent runs, withN = [503, 1003, 2003, 4003, 10003]. Rows
represent the physical magnitude represented, from top to bottom: velocity, density, divergence and loga-
rithm of the squared curl.

Approaching the exascale simulation of subsonic turbulence with SPH pàg. 40

Figure 24: Comparison of di�erent 2-D cuts of di�erent magnitudes for several tests in SPH-EXA with
increasing resolution. Columns represent di�erent runs, withN = [503, 1003, 2003, 4003, 10003]. Rows
represent the physical magnitude represented, from top to bottom: velocity, density, divergence and loga-
rithm of the squared curl.

Turbulent box simulations at various resolutions with SPH-EXA. 
From left to right: N = 503, 1003, 2003, 4003, 10003



SPH-EXA

• Excellent scalability demonstrated for hydro and gravity


• GRACKLE1 chemistry and cooling library included


• Use SPH-EXA for simulations at much higher resolution and 
to probe the low-mass end of the clump distribution

1Smith et al. 2017



Simulation setup
• Use initial conditions from AGORA code comparison project


• Preliminary low-res and med-res runs (105 and 106 particles) with ChaNGa and SPH-EXA


• Cross-validation of GRACKLE implementation (GRACKLE is default for AGORA)


• Then high-res (108) runs with SPH-EXA and benefit from efficient scaling: 
This would allow to resolve even the low-mass clouds down to 103 Msun


• Goal: develop general predictions for SKA observation by resolving the full mass-spectrum of clouds

Galactic disk simulation using ChaNGa with Grackle cooling (no metals). 

left: after 50 Myr, right: after 500 Myr; showing full gas density distribution



Subgrid models: star formation and feedback (to 
be implemented in SPH-EXA)

12 kpc (radii and masses are scaled from the primary virial
mass and virial radius using standard scaling laws for virialized
CDM objects; see, for example, Tamburello et al. 2015).

We run two simulations with the satellite placed on two
different orbits, one on an eccentric orbit with apocenter-to-
pericenter ratio of 5:1 (the pericenter is about 2 kpc), typical of
cosmological substructures, and one on a circular orbit (with a
radius of 9 kpc, hence grazing the outer disk). The simulations
show that mild fragmentation is triggered in the heavily
perturbed outer disk of the primary, although it gives rise to
only a couple of transient clumps that last less than 50Myr.
Interestingly, this timescale is comparable to that found by the
FIRE cosmological simulations group (Oklopcic et al. 2016). In
the eccentric orbit simulation, two clumps appear after about
190Myr, the most signi!cant of which encompasses
!2!!!108Me of gas and about 1.7!!!108Me in stars and is
located in the tidal arm forced by the satellite in the primary
galaxy (Figure 5). It is more prominent in the gas distribution
than in the stellar density maps (Figure 5). Like this one, all the
other triggered clumps are located far from the center of the
galaxy, at more than 5 kpc, and are dominated by gas. Their
rapid dissolution is due to the fact that they are loosely bound,

hence easily torn apart by differential rotation as they migrate
toward the inner region of the main galaxy host. This is in good
agreement with the results of Oklopcic et al. (2016), who found
nearly all their clumps to be far from virialization.

5. DISCUSSION AND SUMMARY

We have presented novel results from a set of simulations
employing both different hydrodynamical codes and different
feedback models to scrutinize the popular notion that a
signi!cant fraction of observed high-z star-forming clumps
comes from the fragmentation of massive star-forming gas
disks. We have found that fragmentation, including clump
properties, is rather insensitive to the detail of the hydro-
dynamical technique adopted, while it is strongly sensitive to
the feedback model adopted. In particular, we used a new
feedback model that, as some of the other recent feedback
schemes introduced in the galaxy formation literature, is
designed to allow an effective, resolution-independent genera-
tion of galaxy out"ows, establish ef!cient self-regulation of
star formation, and allow us to reproduce the stellar mass-to-
halo mass relation from high to low redshift. The results are
striking, as disk fragmentation is completely suppressed for an

Figure 4. Comparison between the logarithmic stellar surface density maps for the default galaxy model 11 run with GASOLINE2 using blastwave feedback (left) and
superbubble feedback (right) at 200 Myr. The model with gas fraction increased to 80% and that with star formation ef!ciency increased up to 50 atoms/cc; both runs
with superbubble feedback are shown in the bottom panel at 200 Myr, on the left and on the right, respectively.
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• Star formation (Stinson et al. 2006):


• SN feedback (Stinson et al. 2006): Cooling shut-off leads to blastwave


• Results depend on choice of subgrid model (see plots below)

1076 G. Stinson et al.

cloud to gravitationally free fall to the centre, then the cloud will
collapse. Katz (1992) proposed that such a criterion should take the
form

hi

ci
>

1!
4!G!i

, (3)

where ci is the sound speed of the gas particle in question and
G is the gravitational constant. This tests if the temperature and
pressure of one particle inside its smoothing sphere would be able
to support the whole sphere against gravitational collapse. Katz
(1992) only applies this criterion when the region is not affected
by gravitational softening, but Okamoto et al. (2003) note that the
Jeans criterion formulated in this way is similar to the Bate & Burkert
(1997) resolution limit for artificial fragmentation. In Section 2.1,
it is shown that this formulation of the Jeans criterion introduces a
resolution dependence and hence we will eliminate it from our final
formulation.

2.2 Stochastic star formation

Ideally, stars should form whenever specific criteria like those de-
scribed above are met (see also Li, Mac Low & Klessen 2005a or
Michel-Dansac & Wozniak 2004). However, since our simulations
of galaxies have limited resolution we can only capture the global
behaviour of star formation, and we use a probabilistic approach.

Katz (1992) bases the number of stars that form on the theoreti-
cal SFRs of Larson (1969) and Silk (1987), who both proposed that
!SFR " !3/2

gas , where ! is the volume density. These formulations
make use of the fact that the dynamical time, tdyn " !#1/2. However,
to form stars gas must also cool so Katz (1992) chose the star forma-
tion time-scale, tform, to be the maximum of the dynamical time and
the cooling time. If the gas was already cool enough to form stars,
i.e. T < Tmax, then tdyn was used. Katz (1992) took Tmax = 30 000 K,
which was appropriate given his cooling function. Therefore, one
can write the SFR as

d!"

dt
= c" !gas

tform
, (4)

where we have introduced a constant efficiency factor c" that will
enable us to adjust the SFR to match observations. We will choose
to set tform = tdyn at all times and instead will introduce another star
formation criterion that T < Tmax.

Because of the dependence on density, it is possible to create a
stochastic recipe for when and where stars should form. If one takes
the probability that a star will form as

p = mgas

mstar
(1 # e#c"#t/tform ), (5)

where mgas is the mass of the gas particle and mstar is the mass of
the potentially spawned star particle then on average one recovers
equation (4).

In this formulation, there is a greater probability of a star form-
ing in denser areas. For each star formation eligible gas particle, a
random number, r, is drawn between 0 and 1, and if r < p a new
star particle is created. Katz (1992) assumed that the star particle
mass was always a constant fraction of the parent gas particle mass,
i.e. mstar/mgas = $". In that case, $" # 1 replaces mgas/mstar in equa-
tion (5). $" can be absorbed into the definition of c", for the relevant
case where #t/tform is small, and hence does not appear in equa-
tion (5) of Katz (1992). Therefore, to compare with Katz (1992),
c"s here should be multiplied by $". Here we are interested in mak-
ing the new star particle have a constant mass to remove the large

Figure 1. The mean SFR as a function of the star particle mass in units of
the original gas particle mass. The SFR shows little dependence on the initial
star particle mass. These results are for our fiducial values of parameters and
criteria on the IMMW described in Section 4.

variation in star particle mass that can occur as stars form at differ-
ent times during the simulation. Using equation (5) and assuming a
constant stellar particle mass, we can recover the same global SFR,
almost independent of that mass, as shown in Fig. 1. A smaller star
particle mass gives us better resolution for the stellar component at
the cost of greater computational expense, and we choose a value
of 0.2 times the initial gas particle mass as a compromise.

Codes that use multiphase gas particles for star formation,
e.g. Springel & Hernquist (2003) ‘explicit’ star formation, more
finely time sample star formation since a specific amount of gas is
converted into stars during every gas particle time-step and new star
particles are only spawned periodically. However, this approach has
an inherent problem. When feedback occurs, stars that are still tied
to their parent gas particles can get hydrodynamically accelerated
and possibly even be ejected from the galaxy, which is not physical.

One problem that could arise when using a stochastic approach for
star formation is that particularly dense regions might not experience
the vigorous star formation that is observed in starburst galaxies
(Telesco 1988; Chapman et al. 2003) if the mass of all star particles
is fixed. A possible solution to this problem is to make the mass of the
star particle that forms dependent on properties of the gas particle.
For instance, Elmegreen & Efremov (1997) provide a formula using
the density and the pressure of gas to determine what fraction of
the gas will form stars. Initial tests using this formula suggest that
our resolution is too coarse for this recipe to yield useful results.
However, for our fiducial parameters, a star particle mass 0.2 times
the initial gas particle mass and a star formation interval, #t, of
1 Myr, this problem would only arise if gas consumption times
become less than 5 Myr, a situation that is rarely, if ever, observed.

3 F E E D BAC K

Katz (1992) and KWH add mass and energy feedback from SN II.
The energy is added gradually with an exponential decay rate of
20 Myr. It is added at the location of the parent gas particle and
is smoothed using the SPH smoothing kernel. Since this thermal
energy is typically added to very dense gas, it is quickly radiated
away and has little effect on the evolution of the galaxy. We describe
a stronger and perhaps more realistic method for including SNe II
feedback (Gerritsen 1997), which we implement here. In addition,

C$ 2006 The Authors. Journal compilation C$ 2006 RAS, MNRAS 373, 1074–1090
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simulations using

Blastwave feedback (left) 
vs. 

Superbubble (right) 

(Mayer et al. 2016)



Physics to be implemented in SPH-EXA

• Star formation and SN feedback


• Ewald summation for cosmological runs


• Thermal and metal diffusion


• Stellar feedback and newer, advanced models of star formation and SN 
feedback


• Black holes 



105 particles 106 particles


